Axion inflation entails a coupling of the inflaton field to gauge fields through the Chern-Simons term. This results in a strong gauge field production during inflation, which backreacts on the inflaton equation of motion. Here we show that this strongly non-linear system generically experiences a resonant enhancement of the gauge field production, resulting in oscillatory features in the inflaton velocity as well as in the gauge field spectrum. The gauge fields source a strongly enhanced scalar power spectrum at small scales, exceeding previous estimates. For appropriate parameter choices, the collapse of these over-dense regions can lead to a large population of (light) primordial black holes with remarkable phenomenological consequences.
Introduction
Axion-like particles are among the prime candidates for particle physics implementations of cosmic inflation. Protected by an approximate shift-symmetry, these Pseudo Nambu Goldstone Bosons naturally come with a sufficiently flat scalar potential to support slow-roll inflation. Many concrete realizations of axion inflation in field theory have been proposed beginning with Ref. [1] , for axions in string theory see [2, 3] .
The shift-symmetry of the axion-like inflaton Φ allows for a derivative coupling to the field strength tensor F µν of a (dark) gauge sector,
with f denoting the axion decay constant and for simplicity, we will consider F µν to describe a hidden sector abelian gauge group, i.e. a dark photon. 1 This interaction triggers a tachyonic instability of the dark photon driven by the velocityΦ of the inflaton, leading to an exponential production of dark photons [6] [7] [8] . The resulting non-thermal gauge field distribution backreacts on the inflaton, dampening its motion. At the same time, the gauge fields act as a source of scalar and tensor perturbations [9] [10] [11] [12] , in addition to the standard vacuum fluctuations amplified during cosmic inflation.
These perturbations can be probed by CMB observations [9, 13] , searches for primordial black holes [14] [15] [16] [17] and gravitational wave experiments [12, [18] [19] [20] , rendering axion inflation not only a theoretically well motivated but also an experimentally testable proposal for cosmic inflation [10] . 1 If the theory contains particles charged under this U (1) (as is e.g. the case for the Standard Model hypercharge), these particles must be included in the analysis if they are sufficiently light, as they will be produced via Schwinger production from the vacuum, thereby significantly damping the gauge field production. On the contrary, the impact of heavier particles is exponentially suppressed and they can be safely integrated out [4, 5] .
In this work we have a closer look at the backreaction of the gauge field distribution on the inflaton equations of motion. Since this determines the evolution of the homogeneous inflaton field, this has a crucial impact on all potential observables of this framework. The interaction (1) results in a friction term in the background equation of motion for Φ which is proportional to FF . In Fourier space, this non-linear interaction involves an integral over all relevant Fourier modes of the gauge field, leading to a integro-differential system describing the evolution of the gauge field modes and the homogeneous component of the inflaton.
In many previous works, this system is solved by assuming the inflaton velocity to be constant in the gauge field equation of motion (see e.g. [10] ), motivated by the usual slow-roll approximation employed in cosmic inflation. However, since the gauge field enhancement and hence the backreaction on the inflaton are exponentially sensitive to this velocity, this approximation becomes invalid in the phenomenologically interesting regime of sizable gauge field production. Recently, several alternative approaches have been put forward. Lattice simulations [21] [22] [23] , focusing mainly on the preheating phase, accurately capture the backreaction but are limited in the amount of time evolution that can be tracked. Ref. [24] proposed a gradient expansion of the generated electric and magnetic field. Selfconsistent numerical solutions of the integro-differential system have been obtained in Refs. [25] [26] [27] .
These latter studies noted the appearance of remarkable oscillatory features in the inflaton velocity. In this work, we reproduce these findings and quantitatively explain the occurring resonance phenomenon based on semi-analytical arguments. Since the enhancement of the gauge field modes is most sensitive to the inflaton velocity around horizon crossing whereas the backreaction is dominated by superhorizon gauge field modes, the system responds with a time delay to a change in the inflaton velocity.
This time delay is logarithmically sensitive to the inflaton velocity. As the inflaton velocity increases of the course of inflation the system hits its resonance frequency, leading to strong oscillations in the amplitude of FF as a function of time. This crucially impacts both the background equation of motion as well as the generation of scalar and tensor perturbations.
The power spectrum of scalar perturbations can be obtained by solving the linearized inhomogeneous equation of motion for the inflaton field taking into account the backreaction and source terms proportional to FF . In the pioneering works [9, 11, 14, 28] this task has been solved in the weak and very strong backreaction regime. Here we extend these results to arbitrary inflaton gauge field couplings by numerically determining the Greens function including the backreaction term. We report two important results. Firstly, for a smoothly growing FF , we find that the analytical estimate in [28] significantly overestimates the backreaction compared to our full numerical results. As a result, the actual power spectrum is significantly enhanced compared to previous estimates. Consequently, a large primordial black hole (PBH) abundance can be generated, leading to an early PBH dominated phase. Requiring the transition to radiation domination to occur before the onset of big bang nucleosynthesis imposes stringent constraints on the parameter space. Secondly, for an oscillating FF as found in the numerical solution of the background equation of motion, the scalar power spectrum features prominent peaks which, for suitable parameters, may lead to a PBH population peaked at logarithmically equidistant masses, accompanied by a gravitational wave spectrum with similar features.
This would be a smoking gun signature of the resonance phenomenon inherent to axion inflation.
The remainder of this paper is organized as follows. In Sec. 2 we review the mechanism of axion inflation. Sec. 3 explains the resonance inherent to this coupled system of differential equations and provides analytical estimates for the relevant time scales. This is numerically confirmed by our numerical results presented in Sec. 4 for two exemplary values of the axion decay constant. Based on these results for the background evolution, we compute the power spectrum of scalar fluctuations in Sec. 5 before concluding in Sec. 6. Details on our numerical procedure as well as on the comparison with previous works can be found in appendices B and C, respectively.
Axion inflation
We consider a pseudo-scalar Φ coupled to the field strength tensor F µν of an abelian gauge group through a shift-symmetric coupling,
Here V (Φ) is a scalar potential explicitly breaking the shift-symmetry of Φ andF µν = µνρσ F ρσ /(2 √ −g)
with 0123 = 1 is the dual field strength tensor. Working in quasi de-Sitter space we introduce the time variable
where H =ȧ/a denotes the (approximately constant) Hubble parameter. In the separate Universe picture, the number of e-folds N elapsed in a time interval [t 1 , t 2 ] between two equal-density hyper surfaces varies by δN between 'separate', locally homogeneous universes, accounting for the inhomogeneities in our primordial Universe [29] [30] [31] [32] . Expanding 2
we obtain the equation of motion for the homogeneous part
with = ∂/∂N and . . . denoting the average over many universes, thus selecting the globally homogeneous contribution. 3 Turning to the gauge fields, the CP -odd nature of F µνF µν will be most transparent when expanding in Fourier-modes of the comoving vector potential in the chiral basis,
2 Here we are dropping terms of O(δN 2 ), assuming δN 1. Moreover, throughout this paper, we will neglect the spatial gradients of the inflaton field. As we will see later, due to the strong enhancement of the scalar power spectrum in axion inflation, this is a non-trivial limitation of our analysis. To go beyond this and include strong spatial gradients of the scalar and gauge field into the analysis would require moving beyond the δN -formalism, e.g. along the lines of the full quantum formalism of [33] . 3 Here we assume a definite sign for φ . In a CP conserving universe this corresponds to averaging over a finite subset of Hubble patches.
with the polarization tensors obeyingê σ (k) · k = 0,ê σ (k) ·ê σ (k) = δ σσ and i k ×ê σ (k) = σkê σ (k)
where k = | k|k = kk,â (â † ) denoting the annihilation (creation) operators and dτ = dt/a denoting conformal time. In this basis, the equation of motion for the Fourier coefficients A σ (τ, k) is obtained as
where λ ≡ sign(φ ). For a sufficiently large inflaton velocity the effective mass term in the square brackets for the helicity mode with σ = −λ undergoes a tachyonic instability, leading to an exponential enhancement. These gauge fields backreact on the inflaton equation of motion. The physical electric and magnetic fields entering in (5) are obtained as
leading to
and the energy density
where we have considered only the dominant, enhanced helicity mode. In summary, Eqs. (5), (7) and (9) , together with the Friedmann equation
form a closed, integro-differential system of equations describing the gauge field production induced by the motion of the inflaton, taking into account the backreaction of these gauge fields.
Resonant gauge field production
In the limit of quasi de-Sitter space-time, τ = −1/(aH), and for constant ξ, Eq. (7) can be solved exactly. For the enhanced mode, this yields
Here W k,m (z) denotes the Whittaker function and we have imposed Bunch Davies vacuum as an initial condition for far sub-horizon modes. Inserting this into Eqs. (9) and (10) yields
and with x uv 2ξ ensuring the cut-off of the UV divergence. The last equality is valid for ξ 3, smaller values of ξ require a more careful regularization scheme [34, 35] .
We shall now provide arguments that once ξ becomes time-dependent, a second time scale (besides H −1 ) appears, characterizing a resonance phenomenon with a frequency in e-fold time of ω res N = 2π/∆N ξ . This resonance drives self-excited oscillations with frequency ω res N appearing in E B . Let us start our analysis by looking again at the gauge field Fourier mode equation of motion (7) .
Rewriting this into e-fold time
we get
In the remainder of this section, we will neglect all terms suppressed by the slow-roll parameter = −H /H 1 . We see that the mode A −λ becomes tachyonic once k/(aH) < 2ξ , while it starts freezing out due to the friction term A −λ taking over once k/(aH) < 1/(2ξ). We now look at the behaviour of the mass term of the growing mode more closely. For constant ξ, the mass terms takes its maximally negative valuem 2 −λ = −ξ 2 at k/(aH) = ξ since the quadratic function of m 2 −λ = k/(aH) (k/(aH) − 2ξ) has zeroes at k/(aH) = 0 and at k/(aH) = 2ξ. Hence, due the behaviour of the Whittaker function governing the gauge field modes, the major part of the growth of A −λ out of the Bunch-Davies initial conditions happens while k/(aH) ξ.
However, the integrand of E B , due to the τ -derivative and the k 4 prefactor, takes its maximum contribution at approximately k/(aH) = 2/ξ (see also Appendix A). This implies that E B is domi- nated by modes whose 'knowledge' of the value of ξ governing their maximum growth period originates from about
e-folds earlier. This is clearly visible in Fig. 1 , where we see that the E B integrand k 4 d dτ |A −λ (τ, k)| 2 has its peak contribution about ∆N ξ after the time when |A −λ (τ, k)| 2 has its maximum exponential growth (note, that in Fig. 1 we have replaced k by e-folds N using the relationship k = exp(−N )). 
Using this information, we can ask a simple question -how does
Conversely, modes A −λ ( k) with k/(aH) 2/ξ at N = N 0 will grow towards their plateau value and thus dominate E B only starting at time N = N 0 + ∆N ξ . These modes experience their growth for N > N 0 when ξ > ξ 0 . Hence, they will approach a plateau governed by ξ = ξ 0 + ∆ξ and thus
The transition from the initial plateau to the final plateau happens smoothly, yet clearly the system as long as this phase shift ∆φ < 2π. 4 Clearly then, demanding ∆φ = π as a necessary condition for resonance, this defines a critical frequency
We can numerically compute the full E B responding to a harmonic perturbation of ξ aroundξ with frequency ω N . Figure 3 shows this for a frequency near ω N , and for a frequency much larger than ω N . We see clearly, that at ω N ∼ ω N there is strong response of E B with lag. Moreover,
at ω N ∼ ω N the lag corresponds to a significant phase shift, while for much larger frequencies the response averages out to zero.
Finally, we can numerically determine the lag ∆N ξ at ω N ∼ ω N occurring as a function of ξ. This is shown in Fig. 4 for ω N = 0.5 and clearly shows (solid read line) the scaling ∆N ξ = ln(ξ 2 /2). The refined estimate derived in App. A is depicted by the dashed red line. We clearly see in Fig. 4 that especially for larger ξ, and up to wiggle-like fine structure (which depends on the details of the periodic function ξ and is beyond the simple estimates performed here), the numerical data are captured by our expression for ∆N ξ reasonably well.
At this point it becomes interesting to turn to our dynamically coupled system, where the ξparameter is determined by the scalar field equation of motion
The driving force of the scalar potential V ,φ is balanced by the sum of the Hubble friction (second term) and the gauge-field induced friction (contained in the last term), while theφ only becomes relevant in the very last stages of inflation. In our full numerical solution which clearly displays a resonance (see Sec. 4) we can observe that the oscillating parts of the two friction terms 3Hφ and E B (sourced by the time-dependent part of ξ) cancel against each other at N 60 where the backreaction is not yet very strong, whereas V ,φ , which depends only on φ but not onφ, evolves to good approximation monotonously. This is clearly visible in Fig. 5 where we plot the different parts of the scalar field equation of motion evaluated on the numerical solution for 1/f = 25 discussed in detail in Sec. 4. Consequently, we can recast the time dependent part ofφ as ∆ξ(N ) and get approximately
Now we use the properties of the background E B given in Eqs. (9) , (12) to write
where I EB > 0 is a positive definite function. Assuming the oscillating part ∆ E B will not change the sign of the total E B , we can then define the split of E B into background and oscillatory part with a definite phase relative to the sign of E B by writing
This allows us rewrite Eq. (23) as
Moreover, from the values of f and H we see that the factor 1/(6f 2 H 2 ) rescales ∆I EB to be dimensionless and have the same magnitude as ∆ξ.
For this rescaled ∆I EB , the observations made above for a periodically varying ξ parameter (see Eq. (21) and Fig. 3) indicate the presence of a resonance if 
Next, we observe that for N 60 in Fig. 5 there is a secondary pattern of damped oscillations at higher frequency compared to the long-wave 'base frequency' oscillations discussed above. For this pattern the oscillating contribution ofφ is no longer negligible. Moreover, we observe that the phase shift at each step of the chain φ → φ → E B is about π/2. This implies that for this pattern the corresponding high-frequency (labeled by 'h.f.') oscillating parts ∆ξ (h.f.) and ∆I
(h.f.)
EB , split off the full quantities the same way as we did for the base frequency parts above, satisfy
The observed phase relation in Fig. 5 then states that ∆I
(h.f.) EB (∆ξ) has a phase shift of π/2 to the right compared to ∆ξ (h.f.) and of π to the right compared to (∆ξ (h.f.) ) . Hence, the figure indicates that for the high-frequency oscillations
Plugging this relation into Eq. (29) we get the structure of the dampened harmonic oscillator differential equation
While we cannot determine the frequency of these faster oscillations ω (h.f.) at this time, we consider the fact that the equation of motion takes the dampened oscillator form to be strong evidence supporting the existence of these secondary, faster dampened oscillations in the coupled system.
It is due to this line of reasoning that we conclude the presence of resonance occurring in the strong gauge-field back-reaction regime. Neglecting the resonance phenomenon, ξ is typically a monotonically growing function of N , while the resonance frequency only scales logarithmically with ξ and thus N .
Hence, the sweep of ξ effectively scans over possible resonance frequencies. Hence we expect the increasing value of ξ to eventually trigger the resonance behaviour with approximately the predicted frequency. Some of the ideas presented here have been qualitatively previously presented in Refs. [25] [26] [27] . After formalizing these arguments, we here succeed in quantitatively explaining the observed resonance frequency. Strictly speaking, the arguments spelled out above form a necessary, but not sufficient condition to ensure a resonance. However, in our numerical solutions to this coupled system of differential equations (see next section) we always see this resonance, indicating that this is indeed a generic feature.
Numerical results
We performed a full numerical analysis taking M P /f = {20, 25} and V (φ) = m 2 φ 2 /2 with m = 6 × 10 −6 M P , reproducing the observed amplitude of the scalar power spectrum at CMB scales. 5 Our final goal is to find the solution of the system of coupled integro-differential equations (5), (7) and (9).
The first step is to solve the inflaton equation of motion using the estimate of E B given in Eq. (13), which is obtained by solving the equations of motion of the gauge field modes, A −λ (τ, k), assuming a constant inflaton speed, Eq. (12). Then, choosing an appropriate array of k-modes, we solve Eq. (7) for each mode and we compute the discretized the integral of equation Eq. (9), getting a new estimate of the backreaction. We reach the final solution by iterating this procedure until we reach the end of inflation with a self-consistent solution, see App. B for details. The initial conditions for the inflaton field are chosen at CMB scales in accordance with the vacuum slow-roll solution while the A k modes satisfy Bunch-Davies vacuum conditions; we stop the time evolution when the system reaches the end of inflation 1.
The results of our analysis for 1/f = {20, 25} are shown in Fig. 6 where we compare the final solution for E B and ρ EB = E 2 +B 2 2 with the analytical estimate of Eqs. (13) and (14) . We also plot the ξ parameter which shows that the oscillatory behaviour of the inflaton speed becomes more apparent in case of strong backreaction. 6 We see that the numerical solution including the backreaction oscillates around the analytical estimate, with an oscillation period of ∆N ξ ∼ 3, in accordance with our estimate in Sec. 3. For f = 1/25 the value of φ temporarily changes sign (at N 62). The reason for this is the delay in gauge friction term discussed in Sec. 3. As |φ | drops, the gauge friction drops and the opposite sign of φ (encoded by λ) entails the opposite sign for the gauge friction term as one would expect of a friction term. However, since the gauge friction term is dominated by modes which are controlled by the value of φ some ∆N ξ e-folds earlier, the sign change in the gauge friction term is delayed, allowing φ to temporarily change sign.
Our results are in accordance with those previously found in Refs. [25] [26] [27] , which reported oscillatory features in the inflaton velocity with a period of 3 − 5 e-folds. All these studies are based on fully independent codes and numerical methods, and the results observed can be nicely explained with the semi-analytical arguments presented in Sec. 3.
Scalar power spectrum and primordial black holes 5.1 Scalar power spectrum sourced by gauge field configuration
The gauge field population does not only backreact on the dynamics of the homogeneous inflaton field but also acts as source term for the scalar inhomogeneities sourcing the density perturbations of the Universe. In the separate universe picture, curvature fluctuations on super-horizon scales are obtained as [29] [30] [31] [32] 
Here N (t * ) denotes the average number of e-folds elapsed between t * and the end of inflation, whereas δN (t * ) denotes the deviation occurring in a particular patch of the Universe induced by super-horizon scalar fluctuations. The perturbed version of Eq. (5) reads
Since we are keeping only fluctuations to first order, all occurrences of H, V and E B are here understood to be evaluated in terms of the homogeneous field φ. On the contrary, the factor E B in the third term of the third line includes the inhomogeneities in the gauge fields sourced by δφ. Using
Eq. (5) to replace the terms in the first line, dropping the slow-roll suppressed terms in the second line and inserting Eq. (32) this simplifies to
This inhomogeneous linear differential equation can be solved by the Greens function method, see e.g. [11, 28] . 8 For any linear operator L N , the Greens function satisfying
can be convoluted with the source term S(N ),
to obtain a solution of the inhomogeneous equation L N δφ(N ) = S(N ). In Eq. (34) we identify S(N ) = δ EB /(f H 2 ). Moreover, for any given function E B (N ) we can determine (at least numerically)
the Greens function of the corresponding linear operator L N by solving the ordinary differential equation (35) . Since this is a second order differential equation we need to specify two boundary conditions which we take to be G(N, N ) = 0 and G (N, N ) = 1. 9
With this, the two-point function of scalar perturbations exiting the horizon at e-fold N can be computed as
To proceed, let us first make the simplifying assumption that the source, i.e. the variations δ EB , are uncorrelated at different times,
with σ 2 EB ≡ ( E B − E B ) 2 denoting the variance of E B at a given time. For a given set of mode functions A k (N ) the variance σ 2 EB can be computed explicitly, see e.g. App. A of [14] . The final expression for the power spectrum then reads
where ζ 2 1/2 vac = H/(2πφ ) is the usual vacuum contribution. The result obtained by numerically evaluating the Greens function G(N, N ) and the variance σ EB is depicted in Fig. 7 . The power spectrum is dramatically enhanced towards the end of inflation and G being continuous, ∂N G must be bounded and we immediately see that if we shrink the integration domain to zero size the only term which can give a finite contribution is lim inherits the resonant oscillations present in the source term. As highlighted by the gray band, the power spectrum extends above ζ ∼ 0.3, indicating the breakdown of the perturbative expansion used in our analysis. Moreover, for f = 1/25, the inflaton speed temporarily changes sign (see Fig. 6 ), implying that φ is not monotonously increasing. Strictly speaking, this requires to go beyond the standard δN formalism (see footnote 7) . In practice, since this only happens for a very short period of time, we expect the δN formalism (with the inflaton speed regularized to some small value round N 62) to nevertheless give a good estimate. The corresponding problematic region is highlighted in red in the right panel of Fig. 7 . Due to these caveats, we cannot make a prediction about the precise amplitude of the scalar power spectrum at small scales. However, we can conclude that power spectrum reaches values of ∆ 2 ζ 0.01 in the last e-folds of inflation, exceeding the threshold for primordial black hole formation (see below).
The very large values for the scalar perturbations at small scales, indicating an inhomogeneous field configuration with large gradient energy, may trigger a premature end of inflation. This would relax the bounds from primordial black hole formation and consequently the bound on the coupling 1/f (see below). However, recent findings [38] [39] [40] [41] indicate that high-scale inflation is quite robust against large gradient energies. How much of this stability against large gradients remains on the 2..3 M P of field range corresponding to the last about 5 e-folds of inflation in a quadratic potential is an open question which we leave for future work. We hope that our findings will trigger a more detailed non-perturbative analysis of this last stage of inflation.
Even discarding the peaks arising from the resonant enhancement, the amplitude of the power spectrum in Fig. 7 at small scales is significantly larger than expected from previous estimates [14, 28] .
We provide a detailed comparison and discussion in Appendix C. In summary, we conclude that previous analytical analyses have overestimated the amount backreaction in Eq. (34) and have hence underestimated the amplitude of the power spectrum in the strong backreaction regime. Consequently, the amplitude of the scalar power spectrum we report is in particular significantly larger than found in [25] , which accounted for the oscillating inflaton velocity but used the estimate for the power spectrum derived in [14] .
In a next step, let us check the robustness of this estimation by dropping the simplifying assumption (38) . Instead, we will allow for unequal time correlations,
with g(∆N ) → 0 for large ∆N ≡ |N − N |. The power spectrum then becomes
where for simplicity we have neglected the time-dependence of H. We can now estimate the rough width and shape of the function g(∆N ) beyond the delta function approximation by looking at the result Eqs. (A3) and (A4) from [28] . Massaging the expressions a little bit, we get for the correlator 10
Here, we define ρ ≡ 2ξ/(aH), q ≡ k/|p|, p ≡ |p|ê z and κ ≡ 4|p|
Here and here only, for notational brevity the superscripts () and () denote the given quantity at time N and N , respectively. We now see, firstly, that the κ 5 factor inside C(κ) and the factor 1/(
multiplying C(κ) cancel each other. Secondly, we recognize that the correlator is bounded from above by its value on far super-horizon scales κ → 0, and that the correlator depends only polynomially on a and a in this limit. Hence we find that the correlator at late times scales as
assuming N > N with loss of generality. By comparison, we conclude
For a functional form g(∆N ) = exp(−c∆N ) (and assuming N > N > 0) the integral
is of O(1) for O(1) values of c. Since in our case we have c = 3, the inclusion of unequal time correlations does not significantly alter our result. This can also be confirmed by a comparison of our results with previous analysis [11, 28] which included this unequal time correlator, see App. C.
Primordial black hole formation and phenomenology
If the scalar perturbations at a given scale exceed a critical threshold ζ c ∼ 0.5 they collapse into a primordial black hole upon horizon re-entry [42] . The mass of the corresponding black hole is determined by the energy contained in a Hubble volume at the time of horizon re-entry,
with N counting the number of e-folds from the horizon exit of the respective fluctuation until the end of inflation, H inf denoting the Hubble parameter at this time, j = 2 (j = 3) for radiation (matter) domination after inflation and γ 0.4 parametrizes the efficiency of the gravitational collapse [43, 44] .
Once formed, the PBHs can slowly decay by emitting Hawking radiation. In particular, PBHs with M P BH 10 11 kg decay into thermal radiation before the before the onset of big bang nucleosynthesis and their abundance can thus be very large [45, 46] . On the other hand, PBHs with 10 11 kg M P BH 10 14 kg have a life-time comparable with the age of the universe and their abundance is highly constrained by the non-observation of their Hawking radiation. Heavier black holes are stable and contribute to dark matter, their abundance is constrained by the observed dark matter abundance as well as by direct searches, see e.g. Refs. [42, 47] for an overview.
For a given amplitude of the scalar power spectrum, the probability of forming PBHs depends on the statistical properties of the scalar fluctuations, since typically PBH formation is a rare event occurring in the tail of the distribution function. For a gaussian distribution any power spectrum generating stable black holes with ζ 2 10 −2 leads to an overclosure of the universe [48] . For a positive χ 2 -distribution, as expected for the sourced scalar perturbations in axion inflation, this value is lowered to ζ 2 10 −3 [14] . The amplitude of the power spectrum in Fig. 7 clearly exceeds these values towards the end of inflation. Thus requiring M P BH (N ) < 10 11 kg to avoid these overclosure bounds restricts the enhancement of the scalar power spectrum to the last ∼ 10 e-folds, see Eq. (49).
Here we have set j = 3 since the expected large abundance of PBHs generated right after inflation will lead to an early matter dominated phase.
Consequently, the power spectrum depicted in Fig. 7 which is only enhanced in the last ∼ 5 (9) e-folds for f = 1/20 (1/25), is (marginally) compatible with bounds from PBH formation. Significantly larger values of 1/f will lead to overproduction of stable PBHs, though the precise bound will depend on the details of the last stages of inflation, see discussion below Eq. (41). On the contrary, a large abundance of metastable black holes as found for 1/f 25 entails several interesting phenomenological consequences. Firstly, an early PBH dominated phase, eventually releasing its energy into thermal Hawking radiation, provides a remarkable reheating mechanism. Any radiation released during preheating or in the inflaton decay is strongly red-shifted during the PBH dominated era, and hot big cosmology is re-ignited once the PBHs decay. Among others, this poses interesting challenges for baryogenesis. Secondly, there are three significant sources of gravitational waves (GWs): (i) GWs sourced by the gauge field population during inflation [12] , (ii) GWs sourced (at second order) from the large scalar perturbations [49] [50] [51] and (iii) GWs sourced as a component of the Hawking radiation of the decaying PBHs [45, 52] . All of these sources result in high frequency (∼ MHz and beyond) GWs, beyond the scope of current experiments but suggesting a potential target for potential future high frequency experiments. We expect that the characteristic oscillating features of the source E B will also be visible in the GW spectrum. Note that any GWs which are sub-horizon during the PBH dominated phase will be strongly diluted, leading to an interesting interplay between the GW and PBH spectrum. This applies in particular to GWs generated during preheating right after inflation [23] .
Conclusions
Axion inflation is generically accompanied by an explosive gauge field production, triggered by a tachyonic instability of roughly horizon sized gauge field modes, which is in turn sourced by the inflaton velocity. The energy budget of this gauge field configuration is drained from the kinetic motion of the inflation, which can be described as a backreaction of the classical gauge fields on the homogeneous inflaton equation of motion. In this paper we study the resulting coupled system of differential equations numerically, pointing out several new aspects which point to a more complex dynamics than previously anticipated.
The tachyonic instability is most effective on slightly sub-horizon scales, and hence the amplitude of any gauge field mode is set by the value of the inflaton velocity just before this mode crosses the horizon. On the other hand, the non-linear backreaction term is dominated by super-horizon gauge field modes, and hence reacts with a time lag to any change in the inflaton velocity. As the average speed of the inflaton increases over the course of inflation this system eventually hits a resonance frequency, where this time-lag corresponds to a phase shift of π. This leads to oscillations with increasing amplitude and fixed frequency in e-fold time, clearly visible in the inflaton velocity, the backreaction term and the gauge field energy density. This drastically changes the dynamics of axion inflation in the strong backreaction regime.
An example of an observable which is significantly impacted by this change in the inflaton dynamics is the scalar power spectrum. At very early times, when the scales relevant for the CMB exited the horizon, the backreaction is irrelevant and the spectrum closely resembles the usual spectrum of vacuum fluctuations. On smaller scales, corresponding to later stages of inflation, the scalar power spectrum receives an additional contribution sourced by the inhomogeneous part of the gauge field distribution, leading to an enhancement by many orders of magnitude. In this paper we re-visit the equation of motion for the scalar perturbations, reproducing results found previously in the weak backreaction regime but finding a significant larger amplitude for the scalar power spectrum in the strong backreaction regime. This result holds even when working with a time-averaged backreaction, i.e. discarding the resonance discussed above. Including the resonance leads to additional oscillatory features in the power spectrum at small scales. However, our results also indicate that the strong backreaction regime entails such large scalar perturbations (invoking in particular significant spatial gradients in the inflaton field) that the perturbative description fails. The formation of (metastable) primordial black holes seems unavoidable, entailing interesting phenomenological consequences, but any more quantitative analysis requires a non-perturbative description which is beyond the scope of the present paper.
In this context, it is interesting to note the recent progress made in simulating the preheating phase of this model on the lattice [21] [22] [23] (see also [53] for related work). The challenges induced by the growing separation of scales in an expanding Universe limits the amount of e-folds which can be tracked, but the characteristic time scale ∆N ξ ln(ξ 2 /2) of the resonance seems to be within reach of such analyses. The preheating phase, and in particular its gravitational wave production, can impose stringent bounds on the axion to photon coupling, down to 1/f 10 [23] . However, an early PBH dominated phase, triggered by the drastically enhanced scalar power spectrum, would significantly dilute the energy density in gravitational wave radiation which redshifts faster than the PBH component. This could re-open the parameter space of larger couplings. We leave a more detailed study of this question to future work.
The observed resonance phenomenon will not only affect the scalar power spectrum but also the tensor power spectrum, since it too receives a contribution sourced by the gauge field population.
Moreover, we expect that similar resonance phenomena can occur in other cosmological systems which feature a tachyonic instability of gauge fields modes driven by a non-vanishing axion velocity. This includes models of baryogenesis driven by the motion of axion-like particle [34, 54] and models of cosmological relaxation of the electroweak scale utilizing gauge field friction [55] [56] [57] [58] [59] [60] . We leave these questions to future work. 
A Phase shift
In this appendix we derive in a slightly different manner the value of the characteristic time scale ∆N ξ that denotes the lag between E B (N ) and ξ(N ), given in Eq. (17) .
First, we notice that in the case of constant ξ we can define a self-similar functionÃ(N ) that captures the growth of the gauge modes for any large enough value of ξ. If we evaluate the enhanced gauge modes A −λ (N, k) at the time N +ln 2ξ and additionally rescale their amplitude with 2πkξ e πξ sinh(πξ) (such that they asymptote to unity) their equation of motion in e-folds reads
Therefore, plugging in the constant ξ solution for the gauge modes given in Eq. (12), we find that
is a 'self-similar' solution that only depends on N (and on a trivial way on k) as long as the k/4aHξ 2 correction can be neglected in Eq. (50) . Numerically, we find indeed that the ξ-dependence drops out for ξ 2. See Figure 8 . The original gauge mode A k can then be expressed in terms ofÃ k as Similarly, using Eq. (9), we define a self-similar function for the integrand of E B
such that the integrand of E B (in d ln k) is given by
The self-similar integrand (53) indeed becomes independent of ξ, but only for larger values for ξ 4. This is because of the additional e −3N that shifts the peak almost 3 e-foldings to sub-horizon scales.
We find thatĨ E·B peaks at N * ≈ −1.38 ≈ ln(1/4) with amplitude I * ≈ 0.57 and has most of its support ±1.5 e-foldings around it. See Figure 8 . The integrand therefore peaks approximately at the wavenumber that crosses the horizon at N peak = N − ln ξ/2.
Second, when ξ is time-dependent, the gauge mode function A k grows to a plateau value with some effective ξ eff . If ξ is slowly varying in time, we expect ξ eff to track ξ adiabatically with some time delay. Indeed, we find that a good fit is given by
where N * is implicitly defined and a ≈ 1.2 − 2.0. This refines the argument given in Sec. 3 that the value of ξ at k/aH ξ determines the growth of A k . If we deviate from adiabatic tracking, however, the effective ξ averages out to some degree.This makes sense, as the growth of the gauge modes will start to feel a range of values of ξ.
At this point we make an ansatz: the integrand of E B is given by I E·B (k, ξ eff (N k ), N ). This indeed seems to be a good approximation for slowly varying ξ, see Figure 9 , where again we choose 
The first maximum of ξ eff reflecting the maximum of ξ at N * = 0 will be at 0 = N max − ln (ξ + A)/a −→ N max = ln (ξ + A)/a .
Meanwhile, the integrand of E B (N ) peaks at N p = N − ln(ξ eff (N p )/2) and will take the maximal value at N = ∆N ξ when N p = N max , hence
We find that the best fit is given for a ≈ 1.4 and is shown in Figure 4 together with the original estimate ∆N ξ = ln(ξ 2 /2) that was argued for in the main text.
B Details on the numerics
In order to obtain our numerical results we use an iterative procedure whose starting point is given by the analytical estimate of the mode function A k assuming constant inflaton speed φ (N ), Eq. (12):
where H 0 is given by the Hubble parameter in absence of any backreaction,
Denoting the j-th order iteration quantities with the subscript j, our first step is to find the solution of the following differential equation for a given E B (j−1) obtained in the previous iteration:
where
Once we get the solution of this equation, φ (j) (N ), we plug the derived quantities H (j) (N ), (j) (N ) and ξ (j) (N ) inside the gauge mode equations
(63)
C Scalar power spectrum: comparison with earlier work
The scalar power spectrum generated during axion inflation has been previously estimated in Refs. [9, 11, 14, 28] based on the analytical estimate for E B given in Eq. (13) . In this appendix we briefly review these derivations and their limitations. Of particular interest to us are Refs. [11, 28] which are based on the Greens function method. Generalizing this approach leads to the results for the power spectrum reported in the main text.
We start from the equation of motion for the scalar perturbations, Eq. (34),
Ref. [11] focuses on the regime of weak or mild backreaction (wb) where the ∂ E B /∂N term can be neglected, 11
Following the steps in Eq. (34) to (41) of the main text yields
with G wb (N, N ) denoting the Greens function of the linear operator L (wb) N . Ref. [28] focuses on the opposite limit of strong backreaction. In this case, the the backreaction term in Eq. (66) can be approximated as
In the first step, we have Taylor 
and correspondingly
with G sb (N, N ) denoting the Greens function of the linear operator L and orange curves implement the weak and strong backreaction approximation of Refs. [11] and [28] , respectively. The corresponding dotted curves indicate the very good agreement with the final expressions for the power spectrum derived in these references. In this appendix we use the convention that inflation ends at N = 0. Fig. 10 compares our formalism (black curve) with the approximations performed in Ref. [11] (blue curves) and Ref. [28] (orange curve). In all cases, for the purpose of the comparison with previous results, we assume in this appendix E B to be given by Eq. (13) and correspondingly σ 2 EB E B (see e.g. Ref. [14] ). The black solid curve indicates our result based on (41), i.e. including the gauge field backreaction in the δφ equation of motion, with the gray dashed curve displaying for reference the vacuum contribution. The dashed blue curve (essentially coinciding with the black curve) is the result obtain based on the linear operator (67) in the weak backreaction regime, the dashed orange curve is correspondingly based on the linear operator (70) in the strong backreaction regime. The dotted blue and orange curves are the results derived in Refs. [11] and [28] for the weak and strong backreaction regime, respectively, demonstrating our ability to reproduce these results when using the same approximations. Finally, in the gray shaded region ζ ≥ 0.3, indicating that we cannot trust the perturbative analysis underlying our computations.
The excellent agreement between our full result (black) and the weak backreaction approximation (blue) indicates that the backreaction term in the δφ equation of motion is essentially irrelevant for the parameters discussed here. This conclusion is in contradiction to the conclusion drawn in [14, 28] , which would indicate that backreaction dominates roughly above the dotted orange horizontal line in Fig. 10 , consequently suppressing the resulting power spectrum. We can track this difference down to the approximations performed in Eq. (69), in particular in the last step thereof. We conclude that the sourced scalar power spectrum is two to three orders of magnitude larger than previously estimated.
Nevertheless, our procedure also entails approximations which need to be scrutinized, most notably the omission of the gradients ∇Φ and the dropping the unequal time contribution of the δ EB twopoint correlator. Given the importance of this result for the production of primordial black holes, this clearly calls for further investigation.
Finally, Ref. [14] presents a simplified derivation of the results obtained in Refs. [11, 28] . In the strong backreaction regime this relies on the same approximations as [28] , hence it is not surprising that Ref. [14] also finds a strong suppression of the power spectrum in the strong backreaction regime.
